Introduction
The method of moving frames in Lie sphere geometry has produced significant results in the classification of Dupin hypersurfaces in spheres, as seen, for example in the papers by Pinkall [Pin85] , Cecil and Chern [CC89] , Cecil and Jensen [CJ98, CJ00], Cecil, Chi, and Jensen [CCJ07] . What is the secret of its effectiveness? The answer emerges in the classification of nonumbilic isoparametric surfaces in the space form geometries. Using the method of moving frames, the proof of this classification is an elementary exercise. The same proof classifies the cyclides of Dupin in Möbius geometry and finally in Lie sphere geometry, where all nonumbilic Dupin immersions are Lie sphere congruent to each other. The idea of this proof extends to the cases of higher dimensions and greater number of principal curvatures. For more details and examples see the forthcoming book by the author, Musso, and Nicolodi [JMN] .
Method of moving frames
The method of moving frames generally refers to use of the principal bundle of linear frames over a manifold N. The text books [KN63, KN69] by Shoshichi Kobayashi and Katsumi Nomizu, contain a seminal exposition of this general method. In this paper, the method of moving frames refers to the more specialized case of the linear frames coming from a Lie group G acting transitively on a manifold N. In this case, if G 0 denotes the isotropy subgroup of G at a chosen origin o ∈ N, then
is the projection map of a principal G 0 -bundle over N. A moving frame in N is any local section of this bundle. A moving frame along an immersed submanifold f : M → N is a smooth map e : U ⊂ M → G such that f = π • e. In general, there are many local frames along f . If e : U → G is a frame along f , then for any smooth map K : U → G 0 , the map eK : U → G is also a frame along f . The method of moving 1 frames develops a process for reducing the local frames along f to a best frame.
The Maurer-Cartan form of G is the left-invariant g-valued 1-form ω = g −1 dg on G. If G is a matrix group, say G is a closed subgroup of the general linear group GL(n, R), then ω = (ω i j ) ∈ gl(n, R) is an n × n matrix of left invariant 1-forms on G that satisfy the structure equations of G, dω = −ω ∧ ω, which in components is
Frame reduction is a systematic way of imposing linear relations on the forms ω i j of e * ω, for a frame e : U → G along f . The following two Cartan-Darboux theorems provide the basic analytic tools in the method of moving frames.
Congruence Theorem. If e,ẽ : M → G are smooth maps from a connected manifold M such that e * ω =ẽ * ω, then there exists an element g ∈ G such thatẽ = ge on M.
Existence Theorem. If η is a g-valued 1-form on a simply connected manifold M such that dη = −η ∧ η, then there exists a smooth map e : M → G such that η = e * ω.
Euclidean space
Consider an immersion x : M → R 3 , where M is always now a connected surface. Our group now is the Euclidean group E(3) = R 3 ⋊ SO(3), which is represented as a matrix group by (y, A) = 1 0 y A ∈ GL(4, R). It acts transitively by (y, A)x = y + Ax. The principal SO(3)-bundle π : E(3) → R 3 , given by (y, A)0 = y, is the bundle of all oriented orthonormal frames on R 3 . A frame along x is a smooth map (x, e) : U ⊂ M → E(3). If e i denotes column i of e ∈ SO(3), then e = (e 1 , e 2 , e 3 ) is an orthonormal frame at each point of x. The pull-back of the Maurer-Cartan form (x, e) −1 d(x, e) = (θ, ω) satisfies
where θ = (θ i ) and ω = (ω 
The best frame along x is one for which e 3 is normal to x and e 1 and e 2 are principal directions. The pull-back of the Maurer-Cartan form, (x, e) −1 d(x, e) = (θ, ω), expresses these conditions by
where the functions a, c : U → R are the principal curvatures. The immersion is totally umbilic if a = c at every point of M, in which case a is constant on M, and x(M) lies in a plane, if a = 0 or x(M) lies in a sphere of radius 1/|a|, if a = 0. Proof. For the frame (x, e) : U → E(3) above,
and θ 1 ∧θ 2 is never zero, since x is an immersion. Then a and c constant and distinct combined with the structure equations, implies ac = 0 and ω 1 2 = 0. Suppose a = 0. Now the pull back of the Maurer-Cartan form satisfies
. These equations on the components of the Maurer-Cartan form itself define a completely integrable, left-invariant, 2-plane distribution h on E(3), so h is a Lie subalgebra of E(3). If H is the connected Lie subgroup whose Lie algebra is h, then the maximal integral surfaces of this distribution are the right cosets of H. Any frame of the above type along x is an integral surface of h, so it lies in a right coset (y, A)H, and the projection x(U) = (y, A)H0. M connected implies all of x(M) lies in this projection. But this projection is congruent to H0, which by exponentiation of h is the cylinder
and the lines of curvature of a are the integral curves of θ 2 = 0, so a is constant along its lines of curvature iff a 1 = 0. Similarly, c 2 = 0 is the condition for c to be constant along its lines of curvature. A Dupin immersion is a solution of the system of PDE
where da = a 2 θ 2 , dc = c 1 θ 1 , and ω
The situation is essentially the same in the three space form geometries.
Space form geometries
The space form geometries are
for the standard orthonormal basis of signature + + + + −−, so
Theorem 3. The nonumbilic isoparametric immersions in S 3 have constant principal curvatures a = c satisfying ac + 1 = 0. They are the 1-parameter family of circular tori S 1 (r)×S 1 (s) ⊂ S 3 , where r = cos α, s = sin α, and the parameter is 0 < α ≤ π/4. Here S 1 (r) is the circle in R 2 with center at the origin and radius r, and a = − tan α, c = cot α.
Theorem 4. The nonumbilic isoparametric immersions in H 3 have constant principal curvatures a = c satisfying ac − 1 = 0. They are the 1-parameter family of circular hyperboloids S 1 (
where the parameter is 0 < a < 1 and
The moving frame proofs in both cases are essentially identical to that for the Euclidean case. Dupin immersions into S 3 and H 3 are defined in the same way as in the Euclidean case.
The space form geometries are related by conformal diffeomorphisms that send spheres to spheres. These are, stereographic projection with inverse
Stereographic projection of the circular torus with parameter α = π/4 is shown in Figure 1 . It is a Dupin immersion, but not isoparametric, into R 3 . Hyperbolic stereographic projection onto the unit ball B 3 ⊂ R 3 is
with inverse
It is an isometry onto the ball with the Poincaré metric I B = 4dy·dy
(1−|y| 2 ) 2 , and it is a conformal embedding when regarded as a map into R 3 by the conformal inclusion B 3 ⊂ R 3 . Then S −1 • s : H 3 → S 3 is a conformal embedding. The projection by s of the circular hyperboloid with parameter a = 1/2 is shown in Figure 2 . It is an isoparametric immersion into the Poincaré ball. It is Dupin, but not isoparametric, into R 3 . 
Tangent spheres
These conformal diffeomorphisms do not send isoparametric immersions to isoparametric immersions, but they do send Dupin immersions to Dupin immersions. This is easily seen if we reformulate the Dupin condition in terms of tangent sphere maps. The reformulated definition makes sense in Möbius and Lie sphere geometries, as well as in the space forms. The set of all oriented spheres in S 3 is identified with the smooth hypersurface
, where cot r = s 4 . Let x : M → S 3 be an immersed surface with unit normal vector field e 3 along x.
Definition 6. An oriented tangent sphere to x at a point is an oriented sphere tangent to the surface at x with unit normal at x equal to e 3 . It is one of the spheres S r (cos r x + sin r e 3 ), where 0 < r < π. A tangent sphere is a curvature sphere to x if cot r is a principal curvatue of x at the point. 
for smooth function r : M → (0, π).
If S : M → S 3,1 is a tangent sphere map along x, then dS = ((cot r − a)e 1 + (cot r) 1 (x + ǫ 4 ))ω 
Möbius geometry
Möbius space is S 3 acted upon by the group of all of its conformal diffeomorphisms. With the projective description
we have a conformal diffeomorphism
and the group of all conformal transformations on S 3 is represented on M as the group of linear transformations SO(R 4,1 ). Let Möb ⊂ GL(5, R) be the matrix representation of this group in the basis (
The space forms are conformally contained in M by
These embeddings are equivariant with natural monomorphisms The structure equations then imply • f + of circular tori of parameter 0 < α ≤ π/4 for 0 ≤ C = cos 2α < 1.
• f 0 of the circular cylinder of radius 1 for C = 1.
• f − of the circular hyperboloids of parameter 0 < a < 1 for C = a −1 +a a −1 −a > 1. We have thus proved that any Dupin immersion of a connected surface into Euclidean space is contained in a conformal transformation of a nonumbilic isoparametric immersion into some space form.
Lie sphere geometry
The fundamental role of tangent sphere maps along an immersion f : M → M provides motivation to linearize the set of all oriented tangent spheres at a point of f . We call such a set a pencil of oriented spheres at a point of f . Projectivize S 3,1 by the Lie quadric
by the inclusion S 3,1 ⊂ Q given by S → S + ǫ 5 . Möbius space itself is a subset of Q by the natural inclusion R 4,1 ⊂ R 4,2 . Then
is a disjoint union comprising all oriented spheres in M, including the point spheres M (radius is zero), which have no orientation. A pencil of oriented spheres is a line in Q, which is the linear span of any two orthogonal elements
Definition 9. The space of Lie sphere geometry is Λ, the set of all lines in Q.
Λ is a smooth manifold of dimension five. Any point λ ∈ Λ contains a unique point sphere, which then defines the spherical projection map
which is a fiber bundle with standard fiber equal to S 2 . The group SO(R 4,2 ) preserves Q and acts transitively on Λ. As origin of Λ choose
A Lie frame of R 4,2 is a basis T 0 , . . . , T 5 for which
where L = 0 1 1 0 . The Lie sphere group is G = {T ∈ GL(6, R) :
the representation of SO(R 4,2 ) in the Lie frame λ 0 , . . . , λ 5 , where
Then T ∈ G iff the columns T 0 , . . . , T 5 of T form a Lie frame. Its Lie algebra in this representation is g = {T ∈ gl(6, R) :
is a principal G 0 -bundle. A contact structure is given on Λ by the 1-forms ω 4 0 = − dT 0 , T 1 for any local section T : U ⊂ Λ → G. Lie sphere geometry is the study of Legendre immersions λ : M → Λ. Any immersion f : M → M with tangent sphere map S : M → S 3,1 along it has a Legendre lift
This is a Legendre immersion, for if F : U ⊂ M → R 4,1 is any lift of f , then F, S + ǫ 5 = F, S = 0, so [F, S + ǫ 5 ] ∈ Λ, and the pull-back by λ of the contact structure is − dF, S + ǫ 5 = − dF, S = 0, all since S is a tangent sphere map along f . The spherical projection of the Legendre lift of f is again f . The spherical projection of a general Legendre immersion λ is a smooth map π • λ : M → M, but not necessarily an immersion.
, where
is a smooth Legendre immersion. Its spherical projection σ • λ :
, which is f + of the great circle cos u ǫ 0 + sin u ǫ 3 in S 3 . In particular, its spherical projection is singular at every point of M = R 2 .
Given a Legendre immersion λ : M → Λ, for each m ∈ M, the line λ(m) is the pencil of tangent spheres at m. A smooth map S : for smooth functions t, u, c i , d i : U → R, where i = 2, 3. Taking the exterior differential of these forms, we get dq ∧ θ 2 + dt ∧ θ 3 = −(c 2 + q(p + t))θ 2 ∧ θ 3 , du ∧ θ 2 − dp ∧ θ 3 = (d 3 + p(q − u))θ 2 ∧ θ 3 . Proof. Each point of M has a neighborhood U on which there exists a best Lie frame field T : U → G along λ with T −1 dT ∈ h on U, where h ⊂ g is the Lie algebra of H. Thus, T : U → G is an integral surface of the 6-plane distribution defined on G by h, so T (U) ⊂ AH, for some element A ∈ G, since the integral submanifolds of h are the right cosets of H. If M is connected, then S(V ) ⊂ AH, for any best Lie frame S : V ⊂ M → G. Hence, λ(M) ⊂ AHo.
Calculation of the best Lie sphere frame field along the Dupin Legendre immersion in Example 10 reveals that λ(R 2 ) = Ho. Thus, the spherical projection σ(Ho) is a great circle. For fixed t ∈ R, if A ∈ G is the matrix of   cosh t 0 sinh t 0 I 4 0 sinh t 0 cosh t   ∈ SO(4, 2),
